A minimal model of nematode migration through soil in response to a chemical gradient is presented. We consider Fickian, fractal and porous-media type diffusion of the nematodes, for which the steady-state nematode distributions are found to compare favourably with experimental observations. Analytical results for Fickian nematode diffusion are presented, which are appropriate for the small-and large-time evolution of a nematode distribution. Numerical integrations allow us to compare the three types of nematode diffusion, to provide numerical validation of our analytical results, and to investigate the dependence of the results of our model upon certain key parameters. We conclude with a summary of results and a call for further experimental work.
Introduction
An organism's ability to sense and react to its environment is crucial for its survival, and drives many of the evolutionary processes [5] . The speed and efficiency with which an organism can explore its physical environment are crucial factors in its ability to locate food, mate and avoid predators [16] . At a large scale (m-km) it is well established that habitat patchiness defines the clustering of certain species and much effort has taken place in this area of research. At the small scale (mµm) the issues of biodiversity, habitat patchiness are just as important. A major problem however, especially in soil systems, where the vast majority of the Earth's biodiversity resides, lies in our inability to observe organism-habitat relations. This is largely due to the opaque nature of soil and the ubiquitous spatial and temporal heterogeneity that is characteristic of the physical structure of soil [15] .
These general statements take on more significance when discussing specific processes and/or organisms. Because of the multitude of organisms present in soil it has always been difficult to express general organism-habitat relations using a model organism. However, soil-borne nematodes do offer a unique opportunity in investigating organism-habitat relations. Not only are they plentiful -it is estimated that there may be up to 10 million species on Earth [4] -but also within the soil they are the most abundant metazoa, are major crop pathogens and major decomposers of fungi, bacteria and other micro-flora.
In soil, nematodes play an important role in soil ecosystems: mediating nutrient turnover; inflicting damage on crops; and transporting otherwise relatively immobile organisms through the soil [16] . A detailed account of nematode biology can be found in [7] . In soil, nematodes exist in what may be considered as an infinite domain. This is true particularly in soils which possess little compositional variability with scale. Where such variability is found, nematodes are often seen to aggregate in clusters. These clusters, however, are generally many orders of magnitude larger than the nematodes' dimensions.
The movement of nematodes is significantly affected by chemical gradients in soil. These gradients typically emanate from organic matter sources or other soil organisms. Much of the work on nematode behaviour (pathogenic and nonpathogenic), has been carried out, by necessity, in laboratories within relatively low volume, bounded containers.
In this paper, we present a mathematical analysis of a model of nematode migration within a bounded cylinder. The analysis provides a framework for the interpretation of, and suggests, future experiments. Previous theoretical work on nematode migration has been presented by [3] .
In Sec. 2, we present a minimal model of nematode migration through soil in response to a chemical gradient and present three approaches to modelling the diffusion of nematodes. In Sec. 3, we draw some important conclusions from our model (without solving the equations) and obtain an estimate of the nematode migration speed. We present steady-state solutions in Sec. 4 which match experimental observations [12] well. In Secs. 4.2 and 4.3, we present two analytical solutions of our minimal model for the case of Fickian nematode diffusion; further details can be found in [6] and an abridged account of the analysis is given in the Appendix. The two treatments provide expressions suitable for describing the large-and small-time evolution of a nematode distribution. We present numerical solutions of our model in Sec. 5, compare the different types of nematode diffusion, provide numerical validation of the analytical solutions, and discuss the parametric dependence of our model. Finally, in Sec. 6, we summarise our main results and suggest possible lines of future research.
A Minimal Model of Nematode Migration
Nematodes predominantly propel themselves through soil by using the surface tension in the water films surrounding soil grains [14] . Their motility is thus affected by the soil grain size distribution and the soil moisture content. Nematodes display a range of activities, including refractory periods and foraging for food. A detailed understanding of nematode physiology and the physics of their propulsion would be required to describe their behaviour precisely. Despite these complications, we shall adopt a very simple model of nematode behaviour and explore its consequences for the evolution of a distribution of nematodes. In the absence of any relevant external stimuli, we assume that the nematodes move randomly so that the motion of a large ensemble of nematodes may be described using a diffusion law. We shall assume that the random motion of the nematodes becomes directionally biased in the presence of an attractant gradient, where the attractant is a chemical which diffuses throughout the domain of interest. We assume that the nematodes migrate up the steepest attractant gradient, this being consistent with the observations of [16] , [2] and [12] . The particular geometry we consider is shown in Fig. 1 and is similar to the experimental apparatus used by [16] and [12] . The nematodes are placed at one end of a cylinder of soil and at the other end is placed a source of attractant. The attractant diffuses from the source, establishing a gradient of attractant throughout the soil column. Once the nematodes sense this gradient, their motion becomes biased towards the other end of the cylinder, causing them, on average, to move up the attractant gradient. We consider a non-reproducing population of nematodes, which is consistent with experimental procedures, and which allows population kinetics to be neglected. Since the walls of the cylinder are impermeable, we use a one-dimensional model of the evolution of an attractant and nematode distribution. The equations we use to describe this nematode-attractant system are of the chemotaxis-diffusion type and are a special case of those determined by [9] . The chemotaxis-diffusion system is
where a is the attractant concentration and n is the nematode population density, both of which are functions of position x and time t. The parameter D a is the diffusion coefficient of the attractant, D n is the diffusion coefficient of the nematodes and χ is the chemotactic response coefficient. The chemotactic response, the second term in (2), describes how the motion of the nematodes becomes directionally biased in the presence of the attractant gradient; if χ > 0 then the nematodes preferentially move up the attractant gradient. In general, the diffusion coefficients and the chemotactic response coefficient are dependent upon a large number of parameters such as the grain size distribution of the soil, the moisture content, temperature, etc. We consider these parameters to be held constant throughout our analysis. The diffusion coefficient of the nematodes, D n , may depend upon many variables but we shall restrict our attention to three possible functional forms: Fickian, fractal and porous-media type diffusion. A fuller discussion of these topics may be found in [1] .
The simplest diffusion law is that in which D n is the constant D . This is called Fickian diffusion and corresponds to each nematode in an ensemble performing a random walk that is independent of any structure through which it moves and the presence of any other nematodes. In fact, diffusion in the presence of structure may be described by Fickian diffusion provided that the structure is homogeneous and isotropic over all important length scales. This is precisely the approach used, for example, in modelling heat transfer through a composite medium such as concrete.
Since nematodes may be of the same length scale as the soil grains along which they move, we consider an alternative diffusion law which takes account of a heterogeneous structure. Fractal, or anomalous, diffusion can be used to describe the effect of structurally-dependent random walks. In this case, a nematode will be confined to (the water films of) a fractal distribution of soil grains but will otherwise move randomly. It has been shown [8] that the appropriate functional form for fractal diffusion of this kind in one spatial dimension is
where D is a constant, Θ, the mass fractal dimension, is a parameter describing the fractal structure of the soil grain distribution (0 < Θ < 1), and x is the distance of a nematode from its initial position. Higher values of Θ correspond to more compact soils. Since, between any two points, a nematode must travel along a connected path of water films, a conceptual difficulty is posed by fractal diffusion through a one-dimensional domain. This is because the removal of any point of the domain (a gap between soil grains) impedes nematode migration. However, provided that one recognises that the one-dimensional problem merely provides a useful collapse of the three-dimensional but cylindrically-symmetric problem, this difficulty is removed.
The remaining type of diffusion we consider is one in which the motion of a nematode is affected by the presence of other nematodes. We consider
where D is a constant and m is a positive parameter. This type of diffusion implies that where nematodes congregate in large numbers, their diffusion rate is relatively enhanced and thus can be used to model the effect of population pressure. It is known as porous media diffusion because of its application to the diffusion of gases through porous media and has been used to model the dispersal of insects and other organisms with some success, see [11] .
Robinson [12] found that an effective attractant of various species of nematodes was carbon dioxide gas. He introduced the attractant into a cylinder of soil by exposing one end to an atmosphere containing 2.5% carbon dioxide and the other end to an atmosphere containing 0% carbon dioxide gas. His measurements showed that, after a transitory period, a linear profile of attractant was sustained (indicative of Fickian diffusion of the attractant). The above model for the evolution of the nematode distribution may be simplified by assuming that a linear attractant profile has been established before the nematodes are placed into the cylinder. We therefore consider
and thus
where we have taken χ to be a constant. The problem of determining n(x, t) is completed with the condition that the nematodes may not escape the cylinder faces at x = 0 and x = l,
and a specification of the initial nematode distribution,
Before proceeding to the next sections, we finally perform a simple scaling of the Eqs. (6) and (7). We can emphasise the role of the bounded domain by nondimensionalising using its length l and settingx = x/l. Though there are timescales characteristic of diffusion and chemotaxis in the problem, we prefer to make no implicit assumptions about rates of evolution and simply scale elapsed time with an appropriate arbitrary scale τ (e.g. the average time taken for the nematodes to move from one end of the cylinder to the other), wheret = t/τ . The scaled equations are therefore (upon dropping the tildes for notational convenience)
and
with unchanged initial data and where we have introduced the dimensionless parameters
The results that are presented in this paper may be expressed in diffusive or chemotactic scalings by choosing τ to be l 2 /D or l/(χ A ) respectively.
Preliminary Remarks
Before we present solutions to the system (9), (10) and (8), we first analyse properties of the solution we can obtain by inspection. In the limit
where | · | is some appropriate (unspecified) norm, (9) becomes a simple diffusion equation. The initial nematode distribution will dissipate; the no-flux condition at the cylinder faces implies that n(x, t → ∞) → constant. Consider now the singular limit
The order of (9) has been reduced, it is now of hyperbolic form and can support travelling wave solutions. We might reasonably expect, therefore, that the solution to the full problem will combine aspects of diffusive and translational behaviour. Consider a cylinder of infinite extent so that we abandon the no-flux boundary conditions (10) . We note that if some function φ(x, t) satisfies
a diffusion equation, then
( 1 5 ) satisfies (9), the full chemotaxis-diffusion equation. This is illustrated in Fig. 2 for the case of Fickian diffusion with D n = 1, χA = 5 and with initial data given by a Dirac delta function, n 0 (x) = δ(x). Clearly, in an unbounded domain, the nematode distribution dissipates from some initial distribution n 0 (x) whilst translating up the attractant gradient with speed 
Analytical Solutions
For the three types of nematode diffusion that we consider, the steady states may be found by direct integration. The full time-dependent solutions, however, are harder to obtain. For the case of Fickian diffusion, we may make analytical progress and in this section we present two solutions appropriate for describing the large-and small-time behaviour of the nematode distribution. An outline of the derivation of these solutions may be found in the Appendix, with more details given in [6] .
Steady States
The steady-state nematode distribution profile n s (x) is given by the solution of
For the dissipative system that we consider in this paper, the steady-state distributions correspond to those sustained after some transitory period. Upon solving (17) with simple integration, the steady-state nematode distributions for the three diffusion types we consider are
where
and K is a constant of integration that is determined from normalisation of the nematode distribution,
Since the steady-state distributions differ for the three types of diffusion, this potentially provides a way to determine which (if any) of these diffusion types is appropriate for nematodes within soil. Unfortunately, the uncertainty in the parameters and experimental difficulties (the nematodes may not live long enough to attain the steady-state profile) severely limit our ability to discriminate on the basis of the steady-state solutions. In Fig. 3 , we show plots of the steady-state distributions for χA = 1, D = 1, Θ = 1 2 and m = 1. Robinson [12] , performed experiments in which various species of nematodes were attracted by a gradient of carbon dioxide gas. In one set of experiments, the gradient was obtained by pumping carbon dioxide gas through one end of a cylinder, and a linear profile was obtained. In another set of experiments, a syringe was used to inject carbon dioxide gas approximately halfway along a cylinder. A detailed plot of nematodes against position was only obtained for the latter case, in which there is qualitative agreement with the steady-state results obtained here. We can quantitatively match the results for the linear gradient (to which our model applies) by setting l = 40 mm, A = 22.5% m −1 (the percentage of the soil atmosphere which is carbon dioxide gas per metre) and χ/D = 2.7. These values correspond to approximately 70-80% of the nematodes being found in the half of the cylinder closest to the source of carbon dioxide, which is as observed.
Large-Time Solution
For Fickian diffusion of nematodes, we can obtain a solution to the system (9), (10) and (8) using separation and eigenfunction expansions. This solution is
where the coefficients c j are determined from the initial data
the eigenfunctions are
and the eigenvalues are k
The form of the solution (23) is useful for intermediate to large times since the decaying exponential allows a reasonable partial-sum approximation with just a few terms. However, solution (23) is of limited use for small times unless an unreasonably large number of terms is included in an approximation to the series.
Small-Time Solution
A solution to (9) , (10) and (8) which is more appropiate than (23) for describing the small-time evolution of the nematode distribution may be found using a number of techniques outlined in the Appendix. For the case in which the initial nematode distribution is given by
we can integrate expressions in the general solution (46) to obtain the solution
is the error function.
Numerical Solutions and Discussion
The chemotaxis-diffusion system (9), (10) and (8) was solved using NAG routine D03PCF for Fickian, fractal and porous-media types of nematode diffusion. The initial data was chosen to be given by (26) throughout with δ = 0.1. The parameters used were χA = 1, D = 1, Θ = 1 2 and m = 1, which are the same as those used for the steady-state plots in Fig. 3 . Figures 4, 5 and 6 show the numerical solutions determining the evolution of the nematode distribution as a function of time for Fickian, fractal and porousmedia type diffusion respectively. The evolution of the nematode distribution is broadly similar for the three diffusion types examined: the distributions simultaneously translate and diffuse, with a discernible, though slight, crest moving up the attractant gradient, this crest disappears as the steady-state distributions are approached. The existence of a moving crest is independent of the data although its size and extent are positively related to χA/D and D respectively. The final, steady-state, distributions are given by (18), (19) and (20). Figure 5 , showing the evolution of initial data for fractal diffusion, must be interpreted with some care. The form of the fractal diffusion coefficient depends upon the distance travelled by a nematode from its initial position, and not simply the x-coordinate. This means that the profiles obtained in Fig. 5 are only an approximation since the initial nematode distribution was not a spike at x = 0. Nonetheless, we are able to infer that the evolution of the nematode distribution is qualitatively similar to that obtained with Fickian diffusion. Relative to the Fickian case, there is enhanced diffusion near x = 0 because of the spatial dependence of the diffusion coefficient.
Comparing Figs. 6 and 4 reveals that porous-media type diffusion is enhanced relative to Fickian diffusion where the nematode population is high, this is because of the population dependence of the diffusion law. In contrast with the Fickian (9), (10) and (8) (9), (10) and (8) (9), (10) and (8) and fractal diffusion laws, porous-media type diffusion exhibits a clearly-defined wavefront, beyond which there are no nematodes. This is called compact support and is a well-known property of porous-media type diffusion [10] .
We now use numerical integrations for Fickian diffusion to allow us to determine the effectiveness of the analytical expressions obtained in the preceding section. Figure 7 shows the numerical solution and the k = 0th approximation of (27) for small times. Close to t = 0, the analytical approximation does well but quickly loses accuracy as time evolves. More terms do not appreciably alter the accuracy of (27) and so we conclude that further accuracy is only obtainable by considering a higher-order asymptotic approximation of the Abelian limit (see the Appendix). Figure 8 shows the numerical solution and the k = 20th approximation of (23) for larger times. The agreement is particularly good as the nematode distribution approaches the steady-state profile. Inclusion of further terms in (23) increases the accuracy although agreement at small times is still weak.
In our model, there are two processes that affect the evolution of the nematode distribution: diffusion and chemotaxis. Comparison of Figs. 9 (χ = 2) and 4 (χ = 1) reveals that doubling the chemotactic response coefficient causes the translation speed of the distribution to double. The long-term, steady-state, distribution is more skewed for the larger chemotaxis case, with a larger number of nematodes adjacent to the cylinder face at x = 1. Fig. 9 . Plots of the nematode density distribution at different times obtained from numerical simulation of (9), (10) and (8) relative weakness of the chemotactically-induced bias to the nematodes' random motion.
A careful inspection of all the plots shows that, to the accuracy represented in the plots, the crests of the nematode distributions translates up the attractant gradient with the speed χA. This result, for solutions within a bounded cylinder, is in agreement with that obtained in Sec. 3 for the unbounded cylinder.
Final Comments
A model of the chemotactic response of nematodes to an attractant gradient has been presented and the closed-form, steady-state, solutions for Fickian, fractal and porous-media type nematode diffusion were obtained. For the case of Fickian diffusion, analytical expressions were presented suitable for describing both the small and large-time evolution of a nematode distribution; these expressions were validated by comparison with accurate numerical integrations. Fickian, fractal and porous-media type nematode diffusion were investigated numerically. It was shown, for all the diffusion types investigated, that the nematode distribution diffuses and translates in a constant attractant gradient, which gives rise to a crest of nematode population moving towards the source of the attractant. Such a travelling crest of nematode distribution is an essential feature of the chemotaxis-diffusion system used in our model. The Fickian and fractal diffusion laws predict the instantaneous transport of a small, but finite, fraction of the nematodes to distances far from the initial source. This counter-intuitive property is a consequence of the continuum description of an ensemble of random processes and would not be expected in actuality. Cellular automaton models have been devised which use the finite difference approximation of the continuum equations as the basis of a set of rules used to simulate individual nematode trails [1, 3] . This approach avoids spurious instantaneous transport of nematodes and is easily generalised to account for spatial inhomogeneity. Although the use of porous-media type diffusion, due to compact support, does not present this problem, this should not be taken as a justification for its adoption.
Our predictions of the steady-state nematode distribution are consistent with the observations of [12] . However, since these observations only provide a snap-shot of the distribution, their use is limited. Time-series observations of the evolution of a nematode distribution with an attractant gradient would enable a more detailed comparison of our model with experiment. Possible theoretical extensions ought to include more detailed treatments of the nematodes' chemotactic response, the nature of their propulsion mechanism and a broader range of their activities. It is likely that such a model would require a time-dependent attractant profile to be considered in order to reveal the system's full dynamics. 
Note that the operator is self-adjoint although the full problem is not because of the boundary conditions. We transform the above partial-differential problem into a two boundary-point ordinary-differential problem by use of the Laplace transform. The resulting problem may be solved using the technique of Green's functions. After calculations, we obtain
where 
The inverse transforms in (41) are not trivial but progress may be made by focusing upon the Abelian limit of large p; this corresponds to small times t in the untransformed variables. Though this limit is necessary in order to make analytical progress, it does bound the accuracy obtainable in series derived from it. We work to leading order only and, after some calculus and algebra, finally obtain n(x, t) ∼ exp(α 1 x) ∞ k=0 x 0 η 0 (ζ)(G(x − ζ + 2k, t) + G(2 + 2k − x − ζ, t) + G(x + ζ + 2k, t) + G(2 + 2k + ζ − x, t))dζ + 1 x η 0 (ζ)(G(2k + ζ − x, t) + G(2k + 2 − x − ζ, t) + G(x + ζ + 2k, t) + G(x − ζ + 2k + 2, t))dζ ,
